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I present here a theorem asserting that a finite group has a normal p-complement 
provided p is odd and the varieties of the cohomology rings of the group and its 
Sylow p-subgroup are isomorphic. Although the result perhaps is not too useful, its 
proof serves to illustrate the theorems of [3] on the structure of cohomology rings. 
In addition I describe an alternative approach to these results in the case of finite 
groups using the norm mapping of Evens [6] . 
§ 1. Statement of the theorem 
Let p be a prime number, let G be a finite group and let P be a Sylow p-subgroup 
of G. Denote by H*(G) the cohomology ring of G with coefficients in the ring 
ZIp Z with trivial G-action. One knows by the theory of the transfer tha t the res-
triction homomorphism 
is injective for all i. 
Recall that one says that G is p-nilpotent, or that G has a normal p-complement, 
if the p'-elements (order prime to p) of G form a subgroup. If N is this subgroup, 
then clearly N is normal and the composition P -+ G -+ GIN is an isomorphism. It 
follows that the restriction homomorphism 1.1 is an isomorphism in this case. 
We shall be interested in results going in the converse direction, that is which es-
tablish p-nilpotence from some hypothesis on the restriction homomorphism. The 
simplest of these is the follOWing: 
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Theorem ._2_ (Tate [4]) If HI (G) ::::: HI (P), then G is p-nilpotent. 
In contrast we have the following two results making use of the cohomology in 
large degrees. 
Theorem 1.3. (Atiyah) If Hi(G) ~ Hi(p) for all sufficiently large i, then Gis p-
nilpotent. 
When p is odd, Atiyah's theorem evidently is a consequence of the following, 
whose proof is the goal of this paper. 
Theorem •. 4. Assume that for each cohomology class x E H*(P) of even degree 
there is a power q of p such that x q is the restriction of a class in H*( G). If p is odd, 
then Gis p-nilpotent. 
Here is an example showing why p must be odd. Let P be the quaternion group 
of order 8 and let G be the semi-direct product of P and a cyclic group of order 3 
where the generator of the cyclic group cyclically permutes i,j, k. The mod 2 coho-
mology of P is known to be 
H*(P) = (Z/2Z) [x,y, e] /(x 2 + xy + y2. x 2y + xy2) 
where x,y is a basis for HI (P) and e is the unique non-zero element of H4(p). For 
i == 1, 2 (mod 4), Hi(p) is the two-dimensional irreducible representation of Z/3 Z, 
and in the other dimensions it acts trivially, so 
H*(G) = H*(P)Z/3Z = (Z/2Z) [z, e] 
where z and e are the non-zero elements of degrees 3 and 4 respectively. As x, yare 
nilpotent one sees that the first hypothesis of 1.4 holds, but G is not p-nilpotent. 
Since 1.4 does not cover the case p = 2 of 1.3 we sketch the proof of Atiyah's 
theorem for the convenience of the reader. One uses the spectral sequence [1] 
which starts with the integral cohomology ring H*(G, Z) and abuts to the comple-
tion R (G)'" of the character ring with respect to the R(G)-adic topology, where 
R(G) is the augmentation ideal. One needs also the fact that the p-primary part 
R(G); of the completion of R(G) is a free module over the p-adic integers of rank 
equal to the number of conjugacy classes of non-identity p-elements (order a power 
of p) in G. Now the hypothesis of 1.3 implies that the restriction from Hi(G. Z) to 
Hi(p, Z) induces an isomorphism on the p-primary components for all sufficiently 
large i. By means of the spectral sequence one can deduce from this that the kernel 
and cokernel of the restriction homomorphism from R(G); to R(P); are finite. It 
follows that G and P have the same number of conjugacy classes of p·elements, that 
is, there is no fusion of elements of Pin G. Now it is difficult to show this implies ' 
G isp-nilpotent [2, IV, 4.9]. 
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The proof of 1.4 is similar in spirit, namely by use of various results in the struc-
ture of the ring H*(G) it reduces to the purely group-theoretical result below, which, 
however, is not as elementary as the one used in Atiyah's theorem. 
Denote by N e(A) (resp. Ce(A)) the subgroup of G consisting of elements nor-
malizing (resp. centralizing) A, and recall that when A C;; pC;; G, A is said to be 
weakly-closed in P with respect to G if g-l Ag C;; P implies g-l Ag = A. 
Theorem 1.5. Assume for every normal elementary abelian p-subgroup A of P that 
A is weakly closed in P with respect to G and that Ne(A)/Ce(A) is a p-group. lfp 
is odd, then Gis p-nilpotent. ... 
The above example shows that it is necessary for p to be odd. 
The reduction of 1.4 to 1.5 appears in the next section. We show in the third 
section how the techniques of Section 2 can be used to simplify somewhat the res-
ults of [3] in the case of fmite groups. Finally the last section contains the proof 
of 1.5. 
§2. The norm 
Throughou t this paper we work with finite groups and use letters A, A " etc. to 
denote elementary abelian p-groups. If K C;; G and u EH*(G), we let u IK denote 
the image of u under the restriction homomorphism from H*( G) to H*(K). Define 
a graded commutative ring H(G) by 
p odd 
p=2 ; 
it is finitely generated algebra over Z/pZ (cf. [3, § 2]). 
If G' is a subgroup of G, let 
Norme'-+e : H(G') ~ H(G) 
be the multiplicative analogue of the transfer introduced by Evens [6] . This opera-
tion satisfies the double coset formula [6, Prop. 2] 
where g runs over a system of representatives for the (G', K)-double cosets and 
where ig is the homomorphism from Kng-1G'g to G' given by igCx) = gxg-l. 
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Consequently ifu EH(G') is such that uiG" = 1 for all Gil < G', then we have 
(2.1) (NOrmc.->cU)IK={~ i;u 
gEl 
if G' fr K 
if K= G' 
where I is a system of coset representatives for G' in its normalizer N c(G'), and 
where the notation G' fr K means that G' is not conjugate to a subgroup of K. 
Given an elementary abelian p-group A ; we identify Hi (A) with the' dual A # of 
A as a vector space over ZjpZ by means of the canonical isomorphism. We recall 
that the Bockstein homomorphism 
(2.2) 
is injective and that there are canonical isomorphisms 
(2.3) {




p = 2, 
where 1\ and S are respectively the exterior and symmetric algebra functors on vec-
tor spaces over ZjpZ. Indeed these facts are well-known when A is cyclic and follow 
in general by the Kunneth formula for the cohomology of a product of two groups. 
Set ' 
eA = n ~u EFF(A) 
O*uEA 
where d = 2pr - 2 and r is the rank of A. I t is clear that e A is a non-zero-divisor in 
H(A) such that eA lA' = 0 for all A' <A, and such that 9*eA = "eA for all automor-
phisms e of A. 
Now let A be an elementary abelian p-subgroup of G. 
Lemma 2.4. Let [N c(A):A] = qh where (h, p) = 1 and q is a power of p. Then there 
exists VA in H(G) such that 
o if AfrA' 
VA IA '={ e~ if A =A'. 
Moreover ify EH(A) is invariant under N c(A). then there is a a(y) in H(G) with 
a(y)IA = yq e~ . 
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Proof. Set z = NormA -G (I + eA)· Formula 2.1 shows that z lA' = I if A fA' and 
that 
zlA =(1 +eA)qh =(1 +e~r 
= I + he~ + terms of higher degree. 
Thus if vA is taken to be (I/h)-times the homogeneous component of z of degree 
q·deg eA' it has the required properties. To prove the existence of a(y) we can ob· 
viously suppose that y is homogeneous. If z' = NormA -G (I + yeA), then 2.1 shows 
that 
z'IA = ] + hyq e~ + terms of higher degree 
so we can take a(y) to be (l/h)-times the homogeneous component of z' of degree 
q(degy + deg eA). q.e.d. 
From 2.3 it is clear that 
where .JO denotes the ideal of nilpotent elements. When A ~ G we let VA denote 
the ideal in H(G) consisting of the elements u such that u IA is nilpotent. Then P A 
is a prime ideal because the restriction to A induces an injection 
Theorem 2.7. Given A, A' ~ G, then V A 2 VA' if and only if A is conjugat~ to a 
subgroup of A'. 
Proof. The "if' part is clear when A is a subgroup of A' and the general case reduces 
to this one becauseinner automorphism~ of a group act trivially on its cohomology. 
Conversely suppose that A fA'; by the lemma VA E PA', yet VA $. VA as the image 
of e A in S (A #) is non-zero, so the theorem is proved. 
Denote by 
(2.8) k(VA)c:--k(A) 
the extension 6£ quotient fields associated to the homomorphism 2.6. The group 
acts as automorphisms of this field extension in a natural way. 
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Theorem 2.10. The ex tension 2.8 is a finite normal ex tension and W is isomorphic 
to its group of automorphisms. 
Proof. The extension is finite because quite generally the cohomology ring of a sub· 
group is a finitely generated module over the cohomology ring of the group (cf. [3, 
§ 2]). Given an element z of SeA #) invariant under the action of W, there is an in-
variant elementy of H(A) corresponding to z under the isomorphism 2.5, and by 
Lemma 2.4 there is an element (\(y) of H(G) restricting to yq ej where q is a power 
of p. Consequently the homomorphism 
obtained by localizing 2.6 with respect to the multiplicative system of powers of VA 
has the property that the qth power of any element of its target is in its image .. ' 
Therefore the extension 2.8 is a composite 
where the first extension is purely inseparable and the second is Galoisian with group 
W, as W acts faithfully on k(A). The theorem follows.' , 
We now show why Theorem 1.4 follows from 1.5. Identify H(G) with a subring 
of H(P) by means of the restriction homomorphism, and denote by p A ~ H(P), 
(resp. 9 A' ~ H(G» the prime ideal associated to an elementary abelian p-subgroup 
A of P (resp. A' of G). Clearly g A = PAn H(G). Assuming the hypotheses of 1.4 
hold, any element of H(P) lies in H(G) after being raised to some power of p, hence 
there is a one-one correspondence between prime ideals p in H(P) and \J of H(G) 
given by the formulas 
9 = V nH(G) 
V = {x EH(P)lx pn E 9 for some n}. 
IfA,A'~PbecomeconjugateinG,then gA = gA"so VA = VA" and by Theorem 
2.7 the subgroups A and A' are conjugate in P. Thus there is no fusion of elementary 
abelian p-subgroups of PinG; in particular, if A is normal in P, then A is weakly 
closed in P with respect to G. Finally for any A in P we have that k( VA) is a purely 
inseparable extension of k( 9A)' 'hence us'jng·2.10 . . 
Np(A)/Cp(A) = Aut(k(A)/k(PA» = Aut(k(A)/k( gA» = N G(A)/CG(A). 
In particular N G(A )/CG(A) is a p-group, showing that .the hypotheses of 1.5 hold. 
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§3. Properties of the ring H(G) 
The material of the following section is not required for the proof of Theorem 
1.4. Its purpose is to show how the arguments of § 2 using the norm mapping of 
Evens furnish an alternative approach to the results of [3] in the case. of cohomo-
logy rings of finite groups. It is hoped that someone mainly interested in this case 
will find the version here easier to understa~d than the one in [3] where the theo-
rems are formulated for the equivariant cohomology rings of G-spaces. However 
even for the cohomology rings of finite groups some consideration of equivariant 
cohomology is necessary, e.g. the proof of 3.1 below. 
The following theorem is half of the main theorem of [3] ; its proof is deferred 
to the end of this section. 
Theorem 3.1. If u E Hi( G) is such that u IA = 0 for all elementary abelian p-sub-
groups A of G, then u is nilpotent. 
Corollary 3.2. The minimal prime ideals of H(G) co"espond bijectively to the con-
jugacy classes of maximal elementary abelian p-subgroups of G by the rule A +-+ ~ A • 
Proof. If A j> 1 E;;; i E;;; r are representatives for the conjugacy classes of maximal 
A ~ G, then by the theorem we have that the ideal of nilpotent elements of H(G) 
admits a representation 
r 
VO= n VA.' I 
1=1 
On the other hand this representation is irredundant by 2.7, so the ~ A . are the min-
I 
imal prime ideals of H(G). 
Corollary 3.3. The Krull dimension of H(G) equals the maximum rank of an elemen-
tary abelian p-subgroup ofG. 
Proof. One of the many characterizations of the Krull dimension of a finitely gene-
rated commutative algebra over a field is as the maximum of the transcendence 
degrees of the residue fields associated to the different minimal prime ideals. By 
2.10 the transcendence degree of k( ~ A) over Z/pZ coincides with that of k(A), 
and k(A) has transcendence degree r = rank A because it is· the quotient field of 
S(A #) which is isomorphic to a polynomial ring with r generators. Since all the 
minimal prime ideals of H(G) are of the form V A with A maximal by 3.2, the 
corollary follows. 
We choose an algebraically closed field 1'2 of characteristic p and form the variety 
H(G)(1'2) of the ringH(G); it is the set of ring homomorphisms from H(G) endowed 
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with the Zariski topology_ For an elementary abelian p-group one has 
• I ~ . 
where the tensor product is taken over Z/PZ, hence the variety of H(A) is an affine 
space over Q of dimension equal to the rank of A. If A ~ G the common zeroes of 
the elements of VA form an irreducible closed subspace of H(G)(Q) which will be 
denoted VA' This subspace may also be described as the image of the map 
. ! 
induced by the restriction homomorphism from H(G) to H(A), because on one 
hand the injectivity of 2.6 implies that VA is the closure of the image and on the 
other hand the map is closed by the Cohen-Seidenberg theorem, as H(A) is a finit-
ely generated H(G)-module. , ' 
Set 
(A ® Q)+ =A ® Q - U A' ® Q, 
A'<A 
I ' 
Lemma 3.6. (A ® Q)+ is the Zariski open subset of A ® Q on which eA is invertible. 
V~ is the open subset of VA on which the element vA is invertible (notation as in 
2.4 J. Furthermore A;1 V~ = (A ® Q)+. 
Proof. The first statement is clear and so is the inclusion A;1 V~ ~(A ® Qt. If U 
is the subset of VA on which vA is invertible, then U ~ V~ since vA E VA' for 
A I < A. But vA restricts to ej, hence A;1 U = (A ® Q)+. Thus we have A;1 VA = ; 
(A ® Q)+, hence also U = V~ because A J!t maps A ® ~ onto VA" . . q.e.d. 
It follows from the lemma that V~ is an affine variety with coo'rdinate ring \; 
(H(G)/ PA) [vAl] . But we have seen in the proof of 2.10 that the homomorphism 
induced by the restriction to A " 
.','. 
is injective and thllt any elements of its target when raised to' a power of p lies in its 
image. Consequently this homomorphism induces a homeomorphism of varieties ... 
Because the variety of the subring of invariants for the action of a finite group on a 
ring is the quotient space of the variety of the ring by·the group, A ~ induces a 
homeomorphism of V~ with the quotient of (A ® Q)+ by W.· '.' ' .. I ' .. 
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Next we note that V~ and V~. are' disjoint if A and A' are not conjuga te, because 
if say A is not conjugate to a subgroup of A', then vA is invertible 0:1 V~ and zero 
on V~ .. Finally H(G)(n) is the union of the V~ as the irreducible components of 
the variety are of the form VA with A maximal by 3.2. Therefore we have proved 
the following stratification theorem: 
Theorem 3.7. If I is a set of representatives for the conjugacy classes of elemefztary 
abelian p-subgroups of G, then the variety of H(G) admits a stratification 
H(G)(n)= U V~ , 
AEI 
into disjoint locally closed irreducible affine subvarieties. Moreover the group 
Wc(A) = NC (A)/Cc (A) actsfreery on (A ® n)+ and the restriction homomorphism 
from H( G) to H(A) induces a homeomorphism 
We finish this section with the proof of 3.1. First consider the case where G is 
abelian and let A ~ G be the subgroup of elements of order 1 or p. If L is the kernel 
of the restriction from HI (G) to HI (A), then the kernel J of the restriction homo-
morphism from H*(G) to H*(A) is the ideal generated by L. Indeed if G is cyclic 
this is easy to see, and in the general case it follows by writting G as a product of 
cyclic groups and using the Kunneth formula. The square of any element of L is 
zero by anti-commutativity for p odd and for p = 2 it can be proved by reduction 
to the cyclic case. Consequently the ideal J consists of nilpotent elements, in fact 
, zp = 0 for all z in J, so we see that 3.1 is true when G is abelian. 
To reduce the the,orem to this special case we use equivariant cohomology. Let. 
BG be a classifying space for G, that is, a connected CW complex with fundamental 
group G whose universal covering PG is contractible. Then PG is a principal G-bundle 
over BG with G acting as deck translations, so if X is a space on which G acts we can 
form the orbit space PG X C X of the action g(p, x) = (gp, gx) on PG X X. The equi-
variant cohomology of the G-space X is defined by the formula 
Ht,(X) = H*(PG X C X) 
and one can show that it is independent of the choice of BG and that it behaves 
functorially in the pair (G, X) (cf. [3, § 1]). When X = pt, the space consisting of a 
point, the equivariant cohomology of X is simply the cohomology of the group: _. 
Ht,(pt)'.::!!H*(G). 
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Lemma 3.8. If G' is a subgroup of G. then the homomorphism 
H'G (pt) -+ H'G (G/G') 
induced by the map of G/G' to a point is isomorphic to the restriction homomor-
phism from H*( G) to H*( G'). 
Proof. Since G' acts freely on PG. we can take for EG' the orbit space PG/G', 
whence the restriction homomorphism from H*( G) to H*( G') is isomorphic to the 
map on cohomology induced by the projection of PG/G' onto EG. As 
PG X G(G/G') ':::!PG/G', the lemma follows. 
In the lemma below we assume for simplicity that X is a compact CO manifold 
on which G acts by diffeomorphisms (for a more general version see [3. 3.2]). 
Lemma 3.9. If u E H'G (X) restricts to zero on each orbit of X, then u is nilpotent. 
Proof. We first note that any orbit Gx has a G-invariant neighborhood U such that 
H'G(U) ':::! H'G(Gx). In effect by averaging we can produce an equivariant Rieman-
nian structure on X and take U to be a small tubular neighborhood of Gx with re-
spect to this metric. Then U will be stable under G and the inclusion of Gx in U " 
will be a G-homotopy equivalence. i.e. the homotopy inverse and homotopies will 
be G-equivariant. hence the inclusion will induce an isomorphism on equivariant 
cohomology. . 
Thus each orbit has an invariant neighborhood U such that the restriction u I U 
of u to U is zero. By compactness X can be covered by invariant open sets U1 ' ..... Un . 
such that u lUi = 0 for each i. If V m = U1 U ... U Um we show by induction on m 
that um I V m = 0, this being clear for m = 1. Assuming true for m - 1, we consider 
the Mayer-Vietoris sequence 
H'G-1(Um n Vm- 1) ~ H'G(Vm) --H'G(Um) eH'G(Vm-l)' 
Then the element um- 1 restricts to zero on Uf! and on Vm- 1 by induction hypoth-
esis, hence um-lj V m = 5 z for some z in H'G- (Um n V m-l)' As 5 is a homomor-
phism of H'G(X)-modules. 
as u restricts to zero on the intersection. This completes the induction. so taking, 
m = n we have that un = 0 in H'G(X). proving the lemma. 
We now finish the proof of 3.1. Let u EH*(G) be such that ulA = 0 for all 
A ~ G. If G' is an abelian subgroup of G. then u I G' is nilpotent as the theorem is 
§ 4. Proof of 1.5 
is proved for abelian groups; replacing u by un for some n, we can assume that 
u I G' = 0 for all abelian subgroups G'. 
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Let V be a faithful finite-dimensional unitary representation of G and identify 
G with its image in the unitary group U of V. Let G act by left multiplication on . 
the flag manifold X = U/T, where T is a maximal torus of U, and let v be the image 
of u under the map equivariant cohomology 
(3.10) H*( G) ~ Hc(pt) - Hc(X) 
induced by the map from X to a point. The orbits of G on X are of the form GIG', 
where G' is abelian as it is conjugate in U to a subgroup of T. By 3.8, v restricts to 
zero on each orbit of X, hence v is nilpotent by 3.9. But the homomorphism 3.10 
is injective. Indeed PG X G X may be identified with the bundle of flags in the vec-
tor bundle PG X G V over BG, and one knows by the so-called splitting principle in 
the theory of Chern classes that the induced map of cohomology from the base to 
such a flag bundle is injective. Therefore we conclu'de that u is nilpotent and the 
proof is complete. 
§4. Proof of I.S 
We need the following general fact about elementary abelian p-subgroups. 
Proposition 4.1. Let P be a Sylow p-subgroup of the finite group G and let A be a 
maximal normal elementary abelian subgroup of P. If p is odd, then A is already a 
maximal elementary abelian p-subgroup olG, that is, A is the set of elements of 
order 1 or p ofCG(A). 
For a proof that A is a maximal elementary abelian subgroup of P, see [2, III, ,. 
12.1]. If A' ~ G contains A, thenA' ~1VG(A), and asP is a Sylow p-subgroup of 
NG(A), one can conjugate A' into a subgroup of P by an element normalizing A. By 
the maximality of A in P we have A = A', proving the proposition. 
We now give the proof of 1.5. Consider first the case in which every element of 
order p of G is in the center Z(G). (The counterexample for p = 2 is of this form.) 
Then G isp-nilpotent by [2, IV, 5.5], or alternatively by the well-known criterion 
of Frobenius and the fact that for p odd a p'-automorphism of a p-group is trivial if 
it acts trivially on the elements of order p. ." 
Now suppose 1.5 is false, let G be a counterexample of least order and choose a 
maximal normal elementary abelian subgroupA of P. We are going to show using· 
the minimality of G that A is normal in G. Assuming this, the hypotheses of 1.5 ' 
imply that GICG(A) is a p-group, hence CG(A) is not p-nilpotent or else G would 
be also. But by 4.1 the group CG(A) has the property that every element of order p 
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is in the center, hence this group is p-nilpotent by the case of the theorem already· 
proved. This contradiction then establishes the theorem. 
So let A be a normal elementary abelian subgroup of P and suppose that A is 
not normal in G. Let B be a maximal G-normal subgroup of A and define the 'Sub~ 
groups A 1 and N by 
A 1/B=A/BnZ(p/B) 
N=Nc (A 1)· 
Since AlB is a non-trivial normal subgroup of the p-group PIB, it intersects the center 
non-trivially, so AI> Band N < G by the maximality of B. Since A 1 is normal in P, 
. we have P ~ N. Since any subgroup of G containing P clearly satisfies the hypotheses 
of 1.5, we see that N is p-nilpotent as G is a minimal counterexample. 
Now NIB is the normalizer of the central subgroup Ad B of PI B. Moreover A dB 
is weakly closed in PI B because A 1 is weakly closed in P by hypothesis. So by the 
theorem of Grlin the restriction is an isomorphism: HI (GIB) ~ HI (NIB), (in fact 
the restriction is an isomorphism in all dimensions [5, Appendix]). Consider the 
map of inflation-restriction exact sequences 
where the arrow at the far right is injective because NIB contains the Sylow sub-
group PIB. Because HI (B) is the dual of B as a vector space over Z/pZ, we see that 
the homomorphism v of this diagram is an isomorphism provided every automor-
phism of B produced by an element of G is produced by ari element of N. But by 
hypothesis GICc(B) is a p-group, hence any such automorphism comes already 
from an element of P. Thus v is an isomorphism, so HI (G) ~ HI (N) by the five 
lemma. Since N is p-nilpotent Hl(N) ~ HI (P), so HI (G) ~ Hl(p) and G isp-nilpo-
tent by Tate's theorem. With this contradiction the proof of 1.5 is complete. 
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